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S2
I. FLUX-BASED FORMALISM OF THE ORIGINAL HOPFIELD SCHEME

This section provides the detailed derivation of the results for the original Hopfield scheme (Fig. 1A in main text),
including the flux-based formalism (Fig. 2A) and the error-cost bound. We also consider how finite 7 introduces a
small increase to the minimum energy cost.

A. Deriving the normalized steady-state fluxes for the flux-based formalism

As shown in Fig. 2A in the main text, the normalized fluxes in the correct half of the network are denoted by ji1,
j+2, and Bi1. The normalized fluxes in the incorrect half of the network are denoted by their primed counterparts,
which we shall derive in terms of the correct fluxes.

First, the (normalized) fluxes originating from the free enzyme E are given by

k1 Pg
Jr

k_sPg
Jr

J1=

:jh BL1 = :5717 (Sl)

which are exactly equal to their counterparts in the correct half of the network. As mentioned in the main text, an
additional error rate 79 is defined as the ratio of the flux from EW to EW* to the flux from ER to ER*:

_ kePew _ koPew Jr )

= = =22 52
"o koPrRr Jr  koPEr  Jjo (52
Hence we have j§ = jono. In addition, 5’ ; can be related to j_; through j:
it fkor i . . ,
= == Gl = fi1% = foj-a. (53)
J2 2 J2 J2

Following the same line of thinking, the (normalized) fluxes originating from the activated state EW* are given by:

g kpPews _ Jw

e s (S4)
) k_oPrw+  k_a . ., k_2Prr~ )
L = —_— e — / = /7 == —2 S5
e 7, By 0 I P M2 (S5)
fk3Prw- ks , ; k3 Per~
1 7 B, fy, oy Pon- fnp (S6)

where j]’g = 7 was the normalized flux for incorrect formation directly given in Fig. 2A. Thus, all expressions given in
the box in Fig. 2A have been derived.

B. Deriving the error-cost bound

The stationary conditions for the fluxes for states ER, EW, ER", and EW" are:

ntj—2=7j-1+7J2, (S7)
J2tBoi=j2+ b1 +1, (S8)
J1tnj—2= fnoj-1+noje, (S9)
Noj2 + B-1 =nj—2+ [nb1 +n. (S10)

The stationary condition for E is guaranteed if the stationary conditions for all other states are satisfied. From
the first two equations, we eliminate jio and find j; — j_1 = B1 — B_1 + 1. From the last two equations, we find
J1— fnoj—1 =nfB1 — B_1 +n. Subtracting these two relations yields

(fmo—1)j-1=010~=n)+ (1 —nf)p. (S11)

Since the normalized fluxes are positive by definition and the error we consider falls within the range n < f~! < 1
(error rates larger than f~! can be achieved without any proofreading), the right hand side (RHS) must be positive.
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Thus, the left hand side (LHS) is also positive, leading to 1o > f~!. Indeed, 1y only approaches its minimum f~!
in the limit j_; — 4o00. j; would also diverge to infinity in this limit, which corresponds to the fast equilibrium
condition in the jii step.

Recall the cost (Eq. 9 in main text):

(14nf)B1 — 25—1.

C= S12
1+n (512)
From the second and fourth stationary condition:
. . 1 ) . ) —)n(l+4+j_2)+ (11— _
Br=j2—ja+Ba—1=—=[nj2—nj2+pB-1—n=j2= (/= Un +i-2) + (L = /)P - (S13)
fn nf—mno
Thus, 1 can be eliminated from the expression for the cost:
C _ (1 + TIf)ﬁl - 2/871
1+n
(L modia — (14 m)(1+jo)
1+n
. S14
_ 1t (f=Dn(+jo)+ 0 =nf)B1 (14 72) (514
1+n nf—=mo
(o —m)( +nf) : (I+m0)(1 —nf)
= 7 0 ti2)t 01,
Grnms - e ™

which only depends on 79, j_2, and B_1. Since n < f~1 < 19, the coefficients g;’j_;;’()é}tzg and 8123’()7(];7_28 are both

positive. The cost decreases monotonically with 79, j_2 and S_1. The cost is minimized in the limit:
no— f7' jo2—0, B —0. (S15)

The minimum cost reads

co = Y mtnf)  1- n*f? (S16)

A+mf -1 A+nmf-1)

which gives Eq. 10 in the main text. In the optimal system, other fluxes are given by the stationary condition:

- nf(f -1 L—nf
J2 = T]fzflj 7]f2*17

pr =

J+1 — +o0. (S17)

C. Effect of the thermodynamic constraint

Reaching the minimum cost derived above requires vanishing j_» and S_;. Namely, these two reactions need to be
irreversible. However, complete irreversibility is impossible due to the thermodynamic constraint:

kikoks —  jijefh
k_ik_ok_s  j_1j_2B8-1’

where Apgytile 1S the chemical potential difference for the futile cycle. For finite v, the fluxes j_o and S_; are positive,
which would cause the minimum cost to increase (i.e. introduce a positive correction term). Since the bound becomes
exact at infinite 7, we shall calculate the positive correction term to the first order in the large v limit. This is also
motivated by the fact that v is usually sufficiently large in real biological proofreading networks due to the hydrolysis
of energy-rich molecules coupled to the futile cycle.

In the optimal network derived before, the fast equilibrium in the ji; step leads to j1/j—1 — 1. Thus, the
thermodynamic constraint reduces to j_28_1 = v 1jo51. The energy cost is

MM(HQW—W“*%)M>

(I +n)(nf —mno) (I +nf)(m0 —n)
(S19)

= ePAHtutile —

(S18)

(o —n)(A+nf) .
A s Ty (”“*

v

(1 =nf)(1 +m)
(1 +nf)(no —n) 51)
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To obtain the first order correction, we substitute with 7o = f~* and

o onfF=1) 1=nf _af(f =11 -nf)
nf2-1 nfr-1 (nf2 —1)°

Jo2Bo1=7"1jB my -1 (S20)

where jo and (1 are evaluated at the infinite v limit. The cost reads

Coin = L= f? )(1+2\/77f(1_77f)(f2_1>7—1/2+O(7—1)> (S21)

(I+n)nfr -1 (I+nf)(nf?—1)?

Therefore, the thermodynamic constraint introduces a correction term of order O(y~'/2), which is negligible in realistic
cases where v~ e,

II. FLUX-BASED FORMALISM OF THE n-STAGE DISSOCIATION-BASED-DISCRIMINATION
SCHEME

In this section, we establish the flux-based formalism and derive the error-cost bound for the n-stage dissociation-
based-discrimination (DBD) scheme. The reaction scheme is illustrated in Fig. 1B of the main text with discrimination
factors given in Eq. 7 and related text. The notation for the flux-based formalism is given in Fig. 2B of the main text.

A. Deriving the normalized steady-state fluxes for the wrong half of the network

First, we recall the definition of intermediate error rates 7,, as the forward flux ratio going from EW,, (ERy,) to
Ewm+1 (ERerl)I

ko P i k P o
) = Joka Prw, _ J% - Jom+2kom+2Pew,, =" (m=12,...,n). (S22)
ko PER, J2 kom+2PrR,, Qo
Since the rate discrimination only appears in dissociation steps, we have fo = f4 = --- = fop42 = 1. Following the

derivation in the original Hopfield scheme, the (normalized) fluxes in the first two steps (i.e. E&EWo+EW,) are

J1 =31, Ja = noje, (S23)
31 = fod-1, Jlo=mi-2. (S24)

Next, we consider the fluxes associated with the m-th intermediate state ER,, /EW,,, which are given by

Al = MmO, (525)
k_2m Pew O(m-1)
Oé/_ _ = mem” BWm Oé/ e — = M —(m—1), 826
(m 1) k2m+2PEWm m U =1 ( 1) ( )
koma1 P, m
g = Lol félwl = f1m B (827)
kom42Prw,,
B = Bem. (S28)

For the product forming steps, we have a,, = 1 and ), = n,, = 7. Thus, we have derived the (normalized) fluxes
presented in Fig. 2B for the n-stage DBD scheme.

B. Deriving the error-cost bound

The cost in the n-stage DBD scheme is given by

n

T:amf&ﬁﬂm—@m—@, Z;1+mﬁ m — 26-m], (S29)

n =
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where {3} are the (normalized) stationary fluxes. Due to the stationary conditions, summing up the net proofreading
fluxes is equivalent to calculating the difference of the total fluxes coming out of the E (free enzyme) state and the
total fluxes that lead to products:

(1+m0)j2 — (1 +m)j2
1+n

Cp = ~ 1. (S30)

To derive the lower bound of [(1 4 19)j2 — (1 4+ n1)j—2], we first prove the following recursive relation:

Nm+1(f —1)

Tmao +a_m], (m=1,2,...,n—1 S31
77m+1f_77m[ +2 I ) (S31)

Ay, >

n e (f—1)
k=m np f—nir_1
for k > m. We will also prove the following relation for the error rates:

where m,, = and m,41 = 1. The equality condition for Eq. S31is a_p =0fork>m+1and S_; =0

Dmtrf > Mmy, (M=1,2,...,n—1) (S32)
The relations Eq. S31 and Eq. S32 are derived inductively via the following steps:
e Step 1. For m = n — 1, the stationary conditions for states ER, and EW,, read
An—1— (1) =1+ Bn — Bn, (S33)
Nn—10n-1 = MO (n—1) = N + M fBn — Bn (S34)

where 7, = 7 is the final error. Elimination of 3,, yields
(Mnf = Mm—1)an—1 = nu(f — 1)(1 + O‘—(n—l)) + (1 =00 f)B-n- (835)

The coefficient (1 —n, f) is positive since we are considering error n < 7eq = f~*. Therefore, RHS is positive.
On the other hand, a,_; is positive. For LHS to also be positive, we must have

NMn-1 < N f, (S36)

which recovers Eq. S32 for m = n — 1. Since 8_,, > 0, we have

nn(f — 1)

Mf — Mn—1)n—1 >N (f — 1) (1 +a_(n_1)) = apn_1 >
( 1) ' ( )( ( 1)) ' nnf_nnfl

(14 0oy, (337)

which recovers Eq. S31 for m = n — 1 (since 7,41 = 1). The equality condition is _,, = 0.

e Step 2. For any m =1,2,...,n— 2, we prove Eq. S31 and Eq. S32 given the condition that they both hold for

l=m+1,ie.
77m+2(f - 1) 77k(f — 1)
Nm 2f > Nm+1, Q41 Z —————— |Tm43 + a_ m ) where Tm4+3 = —r (838)
i i Ay ey ] i kZI;IH M f = Mk-1
Consider the stationary conditions for states ER,11 and EW 1
Om — Om = Om+41 — O (m41) + ﬁm+1 - 6—(m+1)7 (839)
NMmOm — Nm4+10—m = Mm4+10m+41 ~ Pm4+20— (m41) T Nm+1f Bmt1 — 5—(m+1)~ (540)

Eliminating B,,+1, we have
Nma1f = Mm)m = M1 (f = D(a—m + @mg1) + (mra — 77m+1f)04—(m+1) +(1— 77m+1f)57(m+1)~ (541)
Since B_(m41) > 0 and 1 — 7,41 f > 0, we obtain the lower bound:

(nm+1f - nm)am > 77m+1(f - 1)(0‘7?71 + @mi1) + (Mms2 — 77m+1f)a—(m+1)~ (842)
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Plugging in the lower bound for a,,4+1 given in Eq. S38:

Nmt2(f — 1)
Nm+2f = Nm+1
Nmt2(f —1)
Nm+2f = Nm+1

2
(Nm+1 = Mma2)” f

(Um+1f - nm)am > nm-i-l(f - 1) (a—m + [T‘-m-‘rﬁl + a(erl)}) + (nm+2 - 77m+1f)047(m+1)

= D1 (f — 1) (am + Tm+2 + Oé—(m+1)> + (Mmt2 = Nma1 ) (me1)

= Tm f_l O+ T + d_(m
+1(f = 1)( +2) sl — iy D
> N1 (f = D(@—m + Tnta).
(S43)
Since RHS is positive, LHS must also be positive. Thus we have
Nmt1.f > 1m. (S44)
We can divide both sides by (9m+1f — 1m) which has been shown to be positive. This leads to
77m+1(f — 1)
O > ————— (i + Tmy2)- S45
et S — nm( +2) (545)

As a result of the mathematical induction, Eq. S31 and Eq. S32 holds for m = 1,2,--- ,n—1. Specifically, the relation
form=11is

S n(f—1)

e — [71'3 + 0171}. (346)

m < fn_lﬁm aq

We repeat the same derivation for states EWg and ERgy. The only difference from repeating the above derivation for
m = 0 is the notation: a4 is now replaced by jio. This gives us

. -1 .
no < fm < f'n, Jj2> M[@ +j-al. (S47)
nf—1o
The total cost is
o, = Ltm)jz = (A +mjz
147
1+mno L (m(f =11 +mno) ) .
> + —(1+ _o—1 S48
1+777T1 1+n( mf—no ( m) )i (548)

_ im0 —m)Atmf)
[ (R [CTY R R

: (mo—n1) (141 f)
The coefficient ) (T =no)

Mo > Neq = [, with the lower bound reached in the limit of fast equilibrium. Therefore, the minimum cost for the
n-stage DBD scheme for given intermediate error rates {n,,} is

14 L+ (-1 & -
Cn>cn=ﬂm—1:( /- U ~1. (S49)
1+77 1+77 mzlnmf_nmfl

—-

s positive since f~lnyg < m < 19. We also recall that error before proofreading

The minimum cost C,, is reached in the limit
Ay =0, By = 0,(m=1,2,...0); j2—0; 10— 7eq=/f " (S50)

The last condition implies ji/j—1 — 1 and ji; — 400. These were results reported in Eq. 12 of the main text.

Next, the minimum cost C,, can be further optimized with respective to the intermediate error rates {5, }. In the
main text, a symmetry argument is used to illustrate that {7,,} must form a geometric series for the dissipation to be
optimized. Here, we provide the mathematical proof that it is indeed the unique minimum of the energy cost. From
Eq. S49, we define

A+ M f = T —1

m=1 m=1

C,=1In Lt Ty (Crn + 1)} =1In [H %] = (I — I (0 f = Nn—1). (S51)
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For any fixed error rate 7, C, is apparently a monotonically increasing function of C,. Hence, finding the minimum

energy cost is equivalent to minimizing C,, with respect to variables 7,,, (m =1,2,...,n— 1), which is done by simply
taking the derivative:
aC,, 1 f 1 B S (M2 = ms10m—1)

= + = . S52
577m Nim ﬁmf — Nm—1 nm+1f — Nm nm(nerlf - nm)(nmf - 77'mfl) ( )

Setting the first derivative to zero, we get 72, = M 1Mm—_1, i-e. the intermediate error rates indeed form a geometric
series. With the first term n9 = f~' and the last term 7,, = 7, all the other error rates can be determined as

M = [ )™ (S53)

It can be verified that the optimal error rates satisfy 7, € (fflnm_l,nm_l), which is consistent with Eq. S32. To
verify that this solution indeed correspond to a minimum of the cost, we calculate the second derivative:

9%C), 1 12 1
o TR e G
ke R e
= | -1+ — o+ -
N
Nm f Nm Dm=f"1 (nf)m/n

(S54)
1 1

(1 - f‘l(nf)_l/")2 : (f(nf)l/" - 1)2

SR R I

2f(nf)"" 2
(ran —1)

Thus, the solution found above is a minimum of the energy cost. Moreover, it is a global minimum. The minimum
cost is given by

> 0.

= fnf)-mr

Crmin = Cnl, _ o1y pymim = 147

@+ - (nf)m/" N
H1 77f m/n _ (nf)(m—l)/n 1

m=

_ AN =1
(1 +n)(f(nf)t/m—1)"

This is the minimum energy cost reported in Eq. 13 in main text.

(S55)

C. Analysing the minimum cost

The minimum cost (Eq. S55) vanishes in the limit 1 — 7eq = f~* but diverges in the limit  — fpin = f~" .
Here, we analyse how the minimum cost depends on the discrimination factor f.

T ORI Vel i) MO i
R EE R R I RV R )
(=) ) = [1= () )

[1= ()] (@)
1= (0= 07 +0(2)] = [t = () "+ 0]/ ]
1= (g 14
n(foig) " = (= 1)f 1 + hot.
(=™ e

-1

Cn,min =

(S56)
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In the intermediate error range f~("t1) « 5 <« f~!, the numerator is dominated by the first term which is proportional
to f~(»+t1D/7 and the denominator is approximately 1. Therefore, the minimum cost decreases with f following a
power law:

Conin o [75, (71 < f <7/, (857)

The power-law exponent ”T“ is verified in Fig. 3A (main text) for n = 3. More importantly, the power law relation
between the minimum cost and the discrimination factor indicates that increasing f leads to a non-diminishing benefit
in cost reduction (see main text for detailed discussion).

D. Partition between proofreading and catalytic fluxes

The derivation of the minimum energy cost in the above section suggests that in the energetically optimal system,
the normalized fluxes in the right half of the network are given by

-1 —
Ay, = 41, Bm = 0m—1 — Oy = Mﬂ_m+l7 (858)
nmf — Nhm—1
where 7, = [[i_,, % On the other hand, these fluxes are related to the steady-state probability Pgg,,

reaction rates kom,+1, kam+2, and the correct product formation flux Jg by

2’!7L+; ERm , /8 277L+} ERm . (859)
The I‘aliO Of these two ﬂuXGS iS

(6799 - k2m+2 nmf — Nm—1 f(nf)l/n _ 17

which has taken into account the optimal error rates n,, = f‘l(nf)m/". This is the partition ratio given in Eq. 14 in
the main text. The reaction rates kap,41, kam+2 can be expressed in terms of the energy levels of the discrete states
and the energy barriers:

kom+1 = k91 €xp (€m — eimp), kom+2 = ko0 €Xp (em - eI,mH_l). (S61)

kS, 41 and k9, are prefactors independent of the energy levels. €, is the energy level of ERy,. Eln,p and e:rn,m 11

is the energy level of the transition state (energy barrier) between ER,, and ER,,+1. Therefore, the ratio 8,/ is
actually only related to the difference between the energy level of the two transition states:

Bm _ k2m+1 _ 1- (nf)l/n
Qm kom 2 f(ﬁf)l/" -1

As discussed in the main text, this is a manifestation of how the error-cost relation is kinetically controlled.

X exp (eT el ) (S62)

m,m+1 "~ “m,p

E. Effect of the thermodynamic constraints

Similar to the case of the original Hopfield scheme, the thermodynamic constraints prevent any reaction to be
completely irreversible and introduces a correction term to the minimum energy cost (Eq. S55) in the n-stage DBD
scheme. Here we calculate the leading order contribution of this correction term.

In the derivation of the error-cost bound, many of the fluxes were set to zero since they only increase the overall
cost. These terms must be recovered as we study the effect of the thermodynamic constraints. Fortunately, due to
the linearity of the stationary conditions, they contribute to the cost through a linear relation:

n—1 n
C= C(j*27 {a}7 {6}) = CVO + a0j72 + Z Am O _pm, + Z bmﬁfm, (863)

m=1 m=1
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where Cj is the minimum cost in Eq. S55. The coefficients a; (i = 0,1,2,...,n — 1) and b; (i = 1,2,3,...,n) are
positive functions of f and n,,, (m =1,2,...,n). Following the inductive method used to derive the bound, we find
the following coefficients:

(o —n)(X+mf)
O = T Fn)mnf —m) (864)

1 i = Mig1)”
g = Lo M FOimmi)” (S65)

L4+ e niniqa (f —1)27
1 1— fn; .

b = — 0 T L (S66)
L+n mip1ni(f—1)

_ —1
where g = f 1, Tm = HZ:m %’

The thermodynamic constraints are:

and w41 = 1.

m—1

J2 B1_ ja  aif J2 H ak Bm

7:.7 —_— e == —
O‘—kﬁ—nbv

B, - =1,2,... S67
J-2 ﬁ—l J—2 Oé_lﬂ_Q J—2 (m n) ( )

k=1
For any futile cycle, the thermodynamic correction to the energy cost is of the order y~/Z, where L is the number of
reactions needed to be driven strongly forward in this cycle. This is because the cost always depends on the reverse
reaction fluxes, which should vanish without the thermodynamic constraint, in a linear fashion. Thus, in the presence
of the thermodynamic constraint, the cost is minimized when those reverse fluxes are of the same order of magnitude,
i.e. of order y~'/%. Hence, the first order contribution in v comes from the largest futile cycle, which has (n 4+ 1)
reaction steps that need to be driven forward. The thermodynamic constraint for this cycle can be reorganized to:

n—1

n—1 .
j—2ﬁ—n H d_m = .]2571 H (67778 (868)
m=1 m=1

Therefore, the first correction to the cost is calculated as follows:

n—1 n—1
C= CO + <a0j2 + Z AmQ—pm + bnﬁn) + Z bmﬁfm
m=1

m=1
n—1 1/(nt1) g
Z C(O + (n + 1) <a'0j—2 : H AmO—_m * bnﬂ—n) + Z bmﬁ—m

— (S69)

m=1

n—1

1/(n+1)
=Co+(n+1) <a0j2 bafn ] amam> yH D L Oy D)

m=1

= Co+ Cry /) L O(y~H/m).

The O(y~/™) term is due to the second largest futile cycle which has length n. The coefficient C is given by

n—1 1/(n+1)
Cl = (TL + 1) <a0j2 ' H Am QO bnﬂn) 5 (870)

m=1

where the coefficients (ag, am, b,) and fluxes (j2, au,, Bn) are evaluated in the optimal scheme, i.e. as if the
thermodynamic constraints are not present. Thus, the correction is of the order 4~/(?+1)  Although the correction
term becomes increasingly significant as n is increased, the number of proofreading pathways in real biological systems
is usually limited, so the correction term remains small. Moreover, note that the correction term due to thermodynamic
constraints is always positive, so the original error-cost bound could never be violated.

III. A SIMPLE KINETIC MODEL FOR n-STAGE PROOFREADING

In this section, we study the n-stage proofreading scheme shown in Fig. 4A by directly solving the Chemical Master
Equation (CME). We introduce P,,(t) to denote the probability for state ER,, at time ¢ and P_,,(t) to denote the
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probability for state EW,,. The probability for the free enzyme state E is denoted by Py(t). The probabilities are
normalized by the condition

n

> Pu(t)=1, Vte (—00,+00). (S71)
The CME reads
W) _ (1 1 aynnPa(t) + (1 4+ fa)rnP (t)—&-faniln P +az,‘<; C (14 f Y rePolt),  (ST2)
dt nin nd —n m:1m7m mm 04 0\Y),
dP,,(t
dt( ) = tm-1Pm-10t) — (1 + a)kmPr(t), m=1,2,...n (S73)
dP_q (¢ _
T;() =f 1K0P0(t) — (1 + fa)/QlP_l(t), (874)
dP_,,(t
T() = Km-1P_(m-1)(t) = (1 + fa)kmP_n(t), m=23,...n. (S75)
We are interested in the steady-state solution, which satisfies dstm =0(m=—-n,—(n—1),...,n—1,n). The stationary
condition for state m (m =1,2,3,...,n) leads to:
dP,,(t 1 K
dt( ) o Pt (8) — (14 @) P () = 0 = Py, — WTOP‘)' (S76)
Similarly, the stationary condition for state (—m) leads to
1 Ko
P,.=———PF. STT
f(L+ fa)™ K, 0 (877)
The error rate n is given by
JW P—n 1 1+a "
= — = . 878
Jr P, !/ (1 + fa> ( )

Note that the error 7 is always bound between nyin = f~"! (in the limit @ — c0) and 7eq = f~! (in the limit @ — 0).
From this relation, we can solve for a as a function of #:

1—(nf)"'"
fFap)m -1 (579)

a =

On the other hand, the energy cost C' is given by

C= JR—|—Jw< Zﬁlm m+faZH/mP—rn>

m=1

a
= 1 N m Pm P—m
(1+n)ffnPn ZZ:H A
a(l+a ( 1 1 ) (S80)
(1+77)f<aoPo Z g T A o
a(l+a)” 17(1+a) "o 1l—=(14 fa) "
= +
147 a fa
_ Q4@+
B 1+
Substituting a with a = %, we obtain the full expression for the minimum cost

f-1 " A+HU-D" n
1) i (f(nf)l/”—1)”1+77 1 (S81)

C =1
( +”<fmﬁ””
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which is exactly the dissipation bound for n-stage DBD scheme reported in the main text (Eq. 13).

In this simplified model, both error and energy dissipation are modulated by the partition ratio a, which is equivalent
to the flux-splitting ratio 8, /., in the flux-based formalism calculated above. When a — 0, the system approaches
the non-dissipative, equilibrium discrimination regime with n — 7eq = f ~land C — 0. When a — oo, the system
approaches the limit to which error can be reduced by dissipative proofreading, namely 7 — Nmin = f ! and
C — oo. Moreover, the system is optimized as long as the partition ratio a is uniform for all proofreading pathways.
The continuous tuning of a € (0, 00) therefore represents a trade-off between error and dissipation, where error can
be reduced by increasing a at the cost of more dissipation.

IV. MICHAELIS-MENTEN SCHEME WITH DISSIPATIVE RESETTING

This section provides detailed derivation of the error-cost relation in the MM-with-proofreading scheme reported in
Fig. 5 in the main text. More complex reaction networks can be considered as combination or generalization of this
type of reaction network.

The reaction scheme is presented in Fig. STA with notations introduced in the main text. Due to the kinetic control
of both error and energy cost, we introduce a set of variables &; to quantify the difference between energy barriers:

fifz fifp _ f-2f,
& = fi, §2=i=f—2, p = f_f: f2p. (S82)
Their relation with energy barrier differences are reported in Eq. 17 in the main text.
In the absence of proofreading (k12 = 0), the minimum error is determined by the maximum difference in energy
barriers

[

The minimum error is achieved by making the step with the largest barrier difference rate-limiting. Namely, &, is
rate-limiting if f, < f_1, and k; is rate-limiting if f, > f_1.

We study the relation between error and energy cost in the parameter regime where the dissipative proofreading
mechanism is relevant, i.e. it could achieve some error rate n < 1.q which is otherwise inaccessible. The condition for
the proofreading mechanism to reduce error below g is

fo > max (f-1, f,)- (384)

In the main text, this condition is justified with the heuristic argument that proofreading only improves the accuracy
if it creates more bias in the dissociation of incorrect complexes compared to the bias in non-dissipative dissociation
(unbinding) or product formation. In the following, this condition is justified a posteriori after the minimum error is
derived.

In Fig. S1B, we present the flux-based formalism for the MM-with-proofreading scheme, where the noncognate
fluxes (i.e. ji; yo) has already been derived and labeled on the reactions. 7 stands for the error. The fluxes are
constrained by the stationary conditions for ER and EW:

Tleq = min (glvfp) = fl min (L fp) . (883)

h—Jjaa=1+j2—Jj-2, fir— lej—l =n+ Uéjz = [=2]-2. (S85)
o o
The energy cost C' is given by
C= TH (jz —J-2+ nﬁjz - fzjz) = ﬁ {(1 + f1)j1 — (1 + nj;;)j1} -1 (586)
Eliminating jo from the stationary conditions yields:

(ﬂﬁ - 1>j1 = ﬂifz }pf1j1 + 77f2;pfp + f2 <ff;11 - ;pn)j% (S87)
where f_5 has been substituted by % due to thermodynamic constraints. We note that the right hand side is
positive due to conditions fo > max (f_1, fp) and 7 < Meq < J:jifl". Thus, the left hand side must also be positive,
leading to the minimum error

_ N

7 > Nmin = (S88)

fa
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The condition for the minimum error in the presence of proofreading to be smaller than the minimum error without
proofreading is

Thmin < 77cq = flfp < flmin( fp > e f2 # = max(fpaf—l), (889)
f2 " f min(l f")

which recovers the condition Eq. S84. This is the condition for the nonequilibrium proofreading mechanism to be
relevant. It can be verified that if f, is smaller than either f_; or f,, the minimum error can always be achieved
without proofreading.

Finally, we consider the energy cost for 7 € (Nmin, 7eq):

C=— ! {(1+f1)]1 (1+nf) ]1

147 fp
1 i R L €t ) f1), (890)
= |+ ) . (i)
141 ng = f Jv
=Co+arj-1 +azj—o.
The coefficients are given by
(fi—n ( ) (S91)
RSO

( * L)( f> (S92)

U aa(ekon)
(1+ f1) 2(%—%)

(S94)

Since aj 2 > 0, the energy cost is minimized when the reverse fluxes j_; _ — 0. The minimum energy cost is given
by

(fi=m{1+ nﬁ)
Cmin = Co = 7 ) (S95)
(40— f1)
which recovered Eq. 16 of the main text.
The effect of the thermodynamic constraint v = ﬁ:’iz can be analysed following the method used in the original

Hopfield scheme (section IC). The correction is of the order ~4~1/2 due to having two reactions driven irreversibly
forward in the futile cycle.

V. PARAMETERS AND ADDITIONAL SIMULATION RESULTS FOR THE REAL BIOLOGICAL
SYSTEMS

In this section, we provide additional details for the three biological examples analysed in the main text (Fig. 6).

A. T7 DNA polymerase

The reaction network and parameters for the DNA replication network are obtained from previous works [1, 2]. For
reference purposes, the reaction network has been reproduced in Fig. S1C.
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FIG. S1. Reaction schemes used in the main text and SI. (A) Michaelis-Menten scheme with dissipative resetting (reproduced
from Fig. 5A in main text for comparison with the flux-based formalism). (B) Flux-based formalism for the MM-with-
proofreading scheme. (C) Reaction scheme for T7 DNA polymerase, reproduced from ref. [1, 2]. (D) Reaction scheme for E.
coli ribosome, reproduced from ref. [1, 2].

a. Relation between various error rates. We first verify that the native system operates in the regime where
dissipative proofreading is necessary. The error of the native system is 1y = 7.39 x 10~%; the minimum error for
discrimination without proofreading is 7eq = min (£1,&,) = & = 8.00 x 107%; the minimum error for the first step is
no = & = f1 = 8.00 x 107%; the overall minimum error is Ny, = %fl = 3.34 x 10~ 1. Therefore, the relation between
these error rates is

70 = Tleq > Nwt > Nmin- (896)

The native system 74 falls within the non-equilibrium discrimination regime.

b.  Optimal and native proofreading systems The only difference between the DNA replication network and the
MM-with-proofreading scheme is the addition of intermediate states EW" and ER". The additional states will not
change the error-cost bound since proofreading reaction is driven irreversibly forward in the optimal scheme, as
indicated by the derivation in the last section. Hence, the error-cost bound is the same as that derived in the
MM-with-proofreading scheme:

(fi =) (1 + nff)

Crnin = 5 , (S97)
1+ n)(ng - f1)
which is the red line in Fig. 6A of the main text. This bound indeed encapsulates all the systems sampled.
At the native error rate, the optimal partition ratio is given by:
. o fl - 77wt o —4
Goptimal = (]2)0ptima1 =7 7 = 4.5 x 107 °. (898)
Thwt E - fl
The native partition ratio is
ko _4
Owp = 7= = 8.0 x 10™*. (S99)

P

B. E. coli ribosome

The reaction network and parameters for the protein replication network are also obtained from previous works [1, 2].
For reference purposes, the reaction network has been reproduced in Fig. S1D.
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FIG. S2. The error-dissipation relations in two mutants of the E. coli ribosome. Left: mutant rpsL1/1, which is hyperaccurate
(HYP). Right: mutant rpsD12, which is more error-prone than WT (ERR).

a. Relation between various error rates. The error of the native system is 1y = 8.65 x 10™%; the minimum error
for discrimination without proofreading is 7cq = min (&1, &2,&,) = &, = 1.45 x 107%; the minimum error for the first

two steps is ng = min(&;, &) = & = 3.45 X 10~%; the overall minimum error is Nmin = %770 = 1.83 x 10~7. Therefore,
the relation between these error rates is

Thwt > Tlo > Tleq > TImin - (8100)

The native error rate 7y falls within the equilibrium discrimination regime, which can in principle be achieved
without the proofreading step. As discussed in the main text, achieving 7.4 requires the product formation step
kp to be much smaller than the preceding reactions k4 +2, which could not be realized due to speed requirements.
Similarly, achieving 7y without proofreading requires GTP hydrolysis (k2) to be rate-limiting, which is also prevented
by speed requirements.

b. Energy-cost bound in the translation network. The network has only one proofreading pathway, and the error-
cost bound takes the same form as the bound in the MM-with-proofreading scheme (Eq. S95) with f; replaced by 7
(the minimum error in the first two steps) and f> replaced by f3 (the discrimination factor for the proofreading step).
Therefore, the error-cost bound in the ribosome network is

(- 77)(1 + 77?2) _ (% B ’7) (1 + "ﬁ) (S101)

rm(nf—m)  (+n(nf - 02)

P —1

This bound correspond to the red line in Fig. 6B in main text.

c.  Results in mutants. The simulation results for the ERR (error-prone) and HYP (hyperaccurate) mutants are
qualitatively similar to the results in WT. The parameters for these two mutants are obtained from ref. [1]. The
numeric results are presented in Fig. S2.

C. E. coli isoleucyl-tRNA synthetase (IleRS)
The reaction network and parameters for the IleRS network are obtained from ref. [3]. The reaction network is
presented in Fig. S3. The error and cost of the IleRS network are bounded by the following piecewise function:

Lng (bi=1)(b2=1)(bs=1)n _ 1 _mo b}
5 — <
4n ((ln172173,77)1/3_77;/3>d b1b2b3 n< babs

Cin =< 14n0  (ba—1)(bs—1)n . nob} noba S102
i 1+n ((b2b377)1/27"701/2)2 1 babs < n < b3 ( )
14mo (ba=1)n _ Nob2
1+n bzn—mno 1 bs <N <"

fh2

where b; = %, by = -

, and b3 = ff’—f’ 7o = min ( I+, % fa> is the minimum error of the equilibrium discrimination

by the first two steps (binding and activation). Eq. S102 corresponds to the red line in Fig. 6C in the main text. The
three error intervals correspond to the three phases of proofreading in Fig. 6D in the main text. In this section, we
provide detailed derivation for the error-cost bound and the optimal partition ratios.
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FIG. S3. Reaction scheme for E. coli tRNA™® aminoacylation, reproduced from ref. [3].

a. Derivation of the error-cost bound. Here, we show that due to the different discrimination factors in the three
proofreading pathways, the optimal partition ratios are no longer uniform, and there will be three proofreading regimes
due to the sequential “shutdown” of proofreading pathways.

First, we investigate the case where all three proofreading pathways are utilized, which can be considered as three
MM-with-proofreading schemes applied in tandem. The minimum cost in the MM-with-proofreading scheme (Eq. S95)
gives the ratio of the total input flux (product formation plus proofreading) to the output (product-forming) flux:

: . (fr=m(1+n¢ - -
Jil _ Jhydroly51s -1 +C =1 + ( fP) -1 4 (770 77)(1 +77b) _ 77(770 + 1)(b ]') (8103)

Jout Jproduct (]_ + 7’) (7’% — fl) (1 + U)(le - 770) (1 + 7])(77(7 - 7]0);

where b = ;—2 is the discrimination of the partition ratio, and 79 = f; can be considered as the error of the last
proofreading stage. The optimal partition ratio corresponding to this minimum cost is

) o —"
The minimum proofreading cost can thus be calculated by taking the product of the ratios Ji,/Jout in all three
proofreading pathways, assuming optimal partition ratios. We denote the error at the three proofreading stages as
M,2,3, respective. 13 = 7 is the final error rate. 79 = min ( f+s % fa> is the minimum error before proofreading. The

minimum cost is therefore

o % 1 (S105)
_ m(mo+1)(br —1) ma(m +1)(b2 — 1) n3(p2+1)(bs—1) 1 (S106)
(L +m1)(mb1 —mo) (1 +m2)(n2b2 —m1) (1 + 03)(n3bs — 12)
__mnmans(+m0)(br — (b2 —D(bs —1) ($107)
(14 n3)(mbr — n0)(n2bz — 1m1)(M3b3 — 12)
_ldme (=0 -b (-0 (5108)

1+ _ o _ _
! (1 771(1)71)(1 772;72><1 773?73)

The denominator can be maximized with Jensen’s inequality. Since f(z) = In(1 — €”) (z € (0,1)) is a concave function

(f"(x) < 0), we have
U 1 72 1 o
In— | + In— | + In— ) <3fl=In—— S109
f(nmbl) f(nU2b2> f(nﬂsb:s) f(3 nb1b2b37}3> (8109)

o m 72 7o 187
=1 - — 1 - — 1-— ) <|l1-| —F+— . S110
( Ulb1)< 77252>( Tlsb:s) - [ (b1b2b3773> 1 (5110)

Hence, we obtain the minimum cost in this regime:

o _ltm (@ -b )b )b L (b= Db = b= (s111)

1 3 1 ) 3
n {1 _ (7’70 )1/1 + ((bﬂ?ﬂ'?ﬂ?)l/‘3 - 77(1)/3)
b1b2ab3n3
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where 73 = 1. The condition for minimizing the cost is

1/3
Mo mn 12 Mo
02— E S112
mbr  meba  nbs ( b1babsn > ( )
bob 1/3 b2 1/3
= = "0 (ZZ?’) L=yt (bZ) : (S113)
1 102

Note that the error rates no longer form a geometric series. Instead, their ratios are modulated by factors by 2 3. The
optimal partition ratios are:

o BB mom mon 110
mbr — o n2ba —m nbs — M2

where 1, 2 take the optimal values indicated in Eq. S113. All three partition ratios decrease as the error 7 is increased.
In the n-stage DBD scheme, the partition ratios are equal, and they go to zero simultaneously at 7., = f~'. For the
TleRS network, however, the three partition ratios are not equal, and one of them vanishes first. This takes place in
the proofreading pathway with the least b, which is by in the IleRS network:
bi
a1 =0&n=n<N="nNn ="N—- (S115)
babs
For error rates greater than the threshold 1, the above calculation leads to a negative partition ratio (a3 < 0),

which must be regularized to zero.

2
Hence, the three-stage proofreading analysis only applies to n € ( blngg, ZSZ;, ) For larger error, the first proofread-

ing pathway does not function (a; = 0), and we treat the system as two MM-with-proofreading schemes operating in
tandem. Similarly, an error-cost bound can be obtained:

1 by —1)(bg — 1 b? b
Cruin = 11770 e Dby —1n___ —Zobl < LZ 2 (S116)
K ((525377)1/2 - 7701/2) 278 3
The maximum error for this two-pathway regime is determined by as = 0, which leads to n = nye = "g—sz. For error

larger than this value, we have a; = as = 0, and the optimal system operates as if there is only one proofreading
pathway:

1 by — 1 b
Coon = 0 (s =V %2 <y < 1. (S117)

1+mn bsn—mo T bs

Therefore, we have derived the piecewise error-cost bound for the IleRS network, which is in agreement with the
numeric sampling (Fig. 6C, main text).

b. Analysis of the native system. In the IleRS network, the error rate thresholds which separate the three proof-
reading regimes are

2

b b .
N =92x10"% nue=no— =13x10"%, nu1i =no—— =7.7x 1075,  fpin =
b3 babs

Mo

=45x10"8% (S11
brboba 5% 10 (S118)

The native system operates in the one-stage proofreading phase, where the optimal system only utilizes the last
(post-transfer) proofreading pathway:

Nwt = 2.2 X 107 € (Nen2, 10)- (S119)
The native partition ratios are
o= I 541075, 4y =112 _ 361078, ey = I _g9x1072 (S120)
f3 fa fp
The optimal partition ratios are
4y =as =0, az=—2 "M _ 39102 (S121)

 wtbs — 1o
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FIG. S4. Schematics of the detailed ribosome model [4].

-read” -read

Hence, it would seem that the first two proofreading pathways are not utilized, consistent with the theory prediction
(a1 = as = 0). The last proofreading pathway is responsible for most of the proofreading, but the third-stage
partition ratio in the native system (8.9 x 1072) is more than twice of its optimal value (3.9 x 1072). The reason
for the extra proofreading is that 79, which is the minimum error before proofreading, is never realized in the real
system. It is only achieved if the amino acid activation step k, is much slower than binding k-, but such time scale
separation is not realized in the native system. The error rate before proofreading, which in theory could be as low
as Ny = fa}c—f = 9.2 x 1073, is actually Nactivation = 2.1 X 1072 in the native system (calculated by taking the ratio

of net fluxes in the activation step). If we calculate the partition ratio with 7y replaced by Nactivation, the optimal
partition ratio becomes aj = 9.3 x 1072, which is indeed closer to the native system. The reason why 7y could not
be realized is similar to what was discussed in the main text about the ribosome network. 79 could be approached
by either speeding up binding/unbinding reactions or by slowing down the amino acid activation step. Reducing the
activation rate, however, will slow down the speed of product formation. One possible interpretation is that while the
binding and unbinding reactions are already as fast as possible, the native system chooses not to further decrease the
activation rate so as to produce isoleucyl-tRNA® sufficiently fast, which necessitates additional proofreading in the
post-transfer proofreading pathway.

Hence, the main conclusion here is that the deviation of the native IleRS from the optimal error-cost bound is due
to prioritizing speed in the activation step. This is consistent with the trade-off analysis in the previous work [3],
where k, prefers to optimize speed rather than error or dissipation. If k, (and the reverse reaction k_,) becomes
much slower than the binding and unbinding rates k4, the accuracy before proofreading will be improved, which will
lead to a smaller partition ratio az and lower cost C.

D. Detailed model of the ribosome

The ribosome model presented in the main text was based on previous theoretical work [1] and experimental
work [5]. Here, we apply our theoretical framework to study another model of the ribosome, which is based ref. [4].
The reaction scheme is shown in Fig. S4. Compared to the ribosome model discussed in the main text, this model
now includes multiple intermediate states. However, there is still only one proofreading pathway, namely the futile
cycle containing k7. For the sake of generality, we allow for discrimination in all reaction steps, subject to the
thermodynamic constraint:

J1fread f2 S5 faTp faf7 _1 ($122)
J-1f—readf—2f-3f-cTPf-af-7
In the following, we derive the error-cost bound with the flux-based formalism detailed above.
For step ¢, the rate constant is denoted by k; in the cognate network and k. = k;f; in the noncognate network.

The normalized flux is denoted by j; in the cognate network and j! in the noncognate network. The fluxes forming
products are jpep, = 1 and jl’)ep =1, where 7 is the final error rate. The cost is defined by

e Ry R L Y Ry ¥,
jpep + j{aep 1 + "7

Similar to the steps taken to derive the error-cost bound in previous sections of the SI, we establish the relation

between fluxes inductively. We define the intermediate error rates:

(S123)

-/ -/ -/ -/ -/ -/
J J J: J J J
Laad, 2 = .*27 N3 = .*3, nere = 7.GTP N4 = .*47 M5 = i’

- s (8124)
Jread J2 J3 JGTP Ja J5

Tlread =
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All the noncognate fluxes {j’} can now be expressed in terms of the cognate fluxes {j}, the discrimination factors
{f}, and the error rates {n}. The stationary conditions for states ER; and EW7 read

Js—j-s=1, ji—js=mn, (5125)

where jL = n5j5 and j' , = n};;;j,& These equations lead to

R
(77 i Js= |1 7 ) (5126)

Since j5 = 1+ j_5 > 1, the intermediate error rate ns satisfies:

N5 < 75,max = 7] - 1Nax <1a f75 ) (8127)
fpep

The stationary conditions for states ERg and EWg read
Ja—J-a=Jr—Jj-1+J5s — j-s, (5128)
Ji—ila=Jr —ile +5—ils (S129)

where j5 = naja, 5.4 = nsf-afs ‘s, 55 = n5fs *friz, 57 = f-7j_7. Elimination of the forward proofreading flux jz
yields

(775;2 - 774)j4 = ﬁs%j% + <f—7 =5 ;7)3 7+ (}Z% - 77>~ (5130)

Based on analysis employed in previous models, error rates 15 > ]%Q could be achieved without any proofreading (by

making the k5 step rate-limiting). Hence, we study the cost for error rates 75 < f5 f . The coefficient ( fer—n5 %)

is positive. Proofreading preferentially dissociates noncognate complexes, indicating f7 > f_4 and f7 > f5 (which is
the case for experimental data). Thus, LHS must also be positive, leading to

N5 > 7)4%. (S131)
The minimum j, is
(=) ot
s —n) +ns T
ja> 0 P (5132)
775% — M4
with equality condition j_7 — 0. The cost is
IR ey ey S T ey
C’:j7 J71—in7 J—7 _ J4 J41jn4 J471 (S133)
(1 +n4)ja — (1 + 772{7;4)]‘—4
= Trn -1 (S134)
(a4 — )<1+f175> (mfnsf )<1+f775)
> + J-a (S135)
(1+77)<f5775—774) (1 +77)(f5775—774)

For error rates satisfying na > 15 f5 11 4, the proofreading pathway is unnecessary, and the minimum cost is zero.
For error rates satisfying ny > 775f5_1f_4, the cost is minimized in the limit j_4 — 0:

(4 — n)(l + f7775)

" ) (s —m)

(S136)
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The above minimum cost increases with 74 but decreases with 75. The maximum value of 75 is given by:

75,max = 7] - Iax <1a ;75 ) (8137)
pep

The minimum value of 74 is determined by the maximal difference in the energy barriers along the chain of reversible
reactions from state E to state ERg/EWg:

T4 > Tamin = € Hmex (S138)
L fifread fifreadfo  fifreaafofs  fifreaafofsfarp J1fread f2f3 faTP fa
=min| fi, , , , , . (5139)
J-1  fo1f-read f-1f-readf—2 f-1f-reaaf-2f-3 f-1f-reaaf-2f-3f-cTP
Therefore, we have derived the error-cost bound:
(774,min - 77) (1 + %775,max)
Cmin = 7 ) n S (nmina 77eq)7 (8140)
(1 + 77) (TQUS,max - 774,min)
where 74 min and 75 max are given by Eq. S139 and Eq. S137, respectively. The minimum error is
714, min . fpep)
min = -min | 1, , S141
7 fr ( f-s (8141)
and the minimum error without proofreading is
. fifread fof3faTp fafs f1fread fof3faTp fafsfpep
neq = min 774,rnin; 5 . (8142)
f*l ffreadf72f73ffGTPf74 f*l ffreadf72f73ffGTPf74

Thus, the flux-based formalism could be used to fully determine the fundamental error-cost bound in this detailed
kinetic model of the ribosome. The methodology is completely same as that used in for the other models, and the
cost-error bound exhibits similar quantitative behavior. In fact, the mathematical form of this bound (Eq. S140) is
similar to that of the ribosome model studied in the main text (Eq. S101).
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